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¢ Attention, Learn to Solve Routing Problems!

OPTIMIZE YOUR WORLD Getthe et \WWoOuUter Kool, Herke van Hoof & Max Welling

Travelling S(alesman|cientist) Problem (TSP) Travelling Salesman Orienteering  (Stochastic) Prize  Vehicle Routing
-earn heuristic algorithms automatically! Problem (TSP) Problem (OP)  Collecting TSP Problem (VRP)

7T \wﬂ"’lil
Probl is (NP-)hard, devel t costly! —_— _ _ -
roblem is (NP-)hard, development costly % . : — : w ((S)PCTSP) See z:\Iso Nazarlet ?I.(2018)
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‘Translate’” problem into solution...
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Travelling Scientist Problem

S ((xll Y1); (xZJ yZ)' ) (XTU :Vn)) ™ m 7T 7T

T = (71,75, ... T (3,1,2,4) Pointer Networks (PN) Minimize length Maximize total prize Minimize length + Minimize length
(72ls) . (. * (Vinyals et al., 2015) Visit all nodes Max length constraint  penalties of unvisited nodes  Visit all nodes
TS t=1Po(T¢|S, T1.¢-1) Collect min. total prize Total route demand

< vehicle capacity
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Train for each problem,

Attention Model (AM)

Encoder

Attention s ail You Need (Vaswani et al., 2017)
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T @ © © | How to train Results
O Node input (,g) 5 f o f s [ ]
? , ? ONodeembedding hl T BN (hl + FFl (hl))
(O Graph embedding ) . . n = 20 . . n = 50 . ‘ n = 100 .
=== Let’s REINFORCE... said Bello et al. (2016) Method Obi Gup Time| Obi Gap Time| Obi Gap Time
w h; ' r Nx Proj Concorde 3.84 0.00% (Im)| 5.70 0.00% (@m)| 7.76 0.00% (Bm)
< < { Skip connection LKH3 3.84 0.00% (18s)| 5.70 0.00% (5m)| 7.76 0.00% (21m)
9 & Attention query Gurobi 3.84 0.00% (7s)| 5.70 0.00% (@2m)| 7.76 0.00% (17m)
K =a ( ¥ + @ ¢ ‘) Y, Epg(mls) [(L(T[) B b(S))Vlog Po (1T|S)] Gurobi (1s) 3.84 0.00% (8s)| 570 0.00% (2m) :
Good baseline should T T Nearest Insertion | 4.33 12.91? (1s)| 6.78 19.03? (2s)| 9.46 21.82? (65)
: _ - Random Insertion | 4.00 4.36%  (0s)| 6.13 7.657%  (Is)| 8.52 9.69%  (3s)
¢ CompUte embEddlngS of all nodes w estimate difficulty of tour length baseline Farthest Insertion | 3.93 2.36%  (Is)| 6.01 553% (28| 835 7.59%  (7s)
N Nearest Neighbor | 4.50 17.23%  (0s)| 7.00 22.94% (0s)| 9.68 24.73%  (0s)
. . Vinyals et al. (gr.) | 3.88 1.15% 7.66 34.48% -
e Attention based mesSage PassSing £ Belloctal. (gr) | 3.89 1.42% 505  4.46% 830  6.90%
Dai et al. 3.89 1.42% 5.99 5.16% 8.31 7.03%
. . . . Nowak et al. 3.93 2.46% - -
Deco d er -‘ABGB.—HQ-G-V-I-H% Algorithm 1 REINFORCE with Rollout Baseline EAN (greedy) | 3.86 0.66% (2m)| 592 3.98% (Sm)| 842 841% (Sm)
1 1 b ] hs B h T batch size B AM (greedy) 3.85 0.34% (0s)| 5.80 1.76% (2s)| 8.12 4.53% (6s)
Q Node embedding O Context node embedding O Learned input symbol Message Compatibility T = (3 1.2 4) a¥g_ (bo ri N g I ) . npu;l aumber ot epochs L, sieps per epoc > paleh size 5, OR Tools 3.85 0.37% 5.80 1.83% 7.99  2.90%
| | 3 ; | . | SR : : . ;1gn19 Ca;geLa 0 Chr.f. + 20PT 3.85 0.37% 579  1.65% -
O Graph embedding Concatenation Output probability v Attention query . Identity / reference .. o . - Init A Bello et al. (s.) - 5.75 0.95% 8.00 3.03%
S o Critie (try |t|) 3: for epoch = 1,..., Edo EAN (gr. + 20PT)| 3.85 0.42% (4m)| 585 2.77% (26m)| 8.17 5.21% (3h)
/ h() v v RUEES NORR MO hgﬁ L \ (/ T \ / T \ ’ 4 for step = 1, ..., T do EAN (sampling) | 3.84 0.11% (5Sm)| 5.77 1.28% (17m)| 8.75 12.70% (56m)
= = = = = N i n i 5 s; « RandomInstance() Vi € {1, ..., B} EAN (s. + 20PT) | 3.84 0.09% (6m)| 575 1.00% (32m)| 812  4.64% (Sh)
hchQ @ i @ O O Ol 0Gs O -0 Rollout 6 s SampleRollout(s1. pe) Vi & {1.....B) AM (sampling) ~ |3.84 0.08% (5m)| 5.73 0.52% (24m)| 7.94 2.26% (lh)
RN | by i N by i i 7: wPL < GreedyRollout(s;, pypr) Vi € {1,..., B} Gurobi 6.10 0.00% - -
(C) ! e v ; S v - | (bUt greedy |) g VL 3B (L(W') B L(TI'BL)) -~ (700) LKH3 6.14 0.58% (2h)| 10.38  0.00% (7h)| 15.65  0.00% (13h)
BN ' Q Q Q Q ; Q Q Q Ol O O O O O i=1 l i 0 05 POt o, RL (greedy) 6.59 8.03% 1139 9.78% 17.23  10.12%
P ; ; : | : Similar to 9 0 <+ Adam(0, VL) % AM (greedy) 6.40 4.97% (1s)|10.98 5.86% (3s)|16.80 7.34%  (8s)
; 3 5 1 1y 9 N 4 i R , | (2017 %(1) ?f“g f"g,d dPaicedTTost | < ath © RL(beam 10) | 6.40 4.92% 1115 7.46% 16.96  8.39%
----------- -- ' | . I OnedSidedPairedl'lest(pe, pgBL « then Random CW 6.81 11.64% 12.25 18.07% 18.96 21.18%
k 4o Decoder t = 1 / Kq(c) Decodert = 2 / KQ(C) Decodert = 3 / Kq(‘:) Decodert = 4 / i ennie et dal. ( ) 12. 0BL . g 2] Random Sweep 208 16.075 1996 24.915 50.33 29.935
! . . OR Tools 6.43 5.41% 11.31 9.01% 17.16 9.677
%3 det',‘d if AM (sampling) | 6.25 2.49% (6m)|10.62 2.40% (28m)|16.23 3.72%  (2h)
[ ] [ ] [ ] [ ] [ ] — [ ] : en Or
* Qutput one node at a time (probabilistic, softmax logits = attention) - RLGueedy) | 651 4107 | 1132 688% | 1712 5234
Q>4 AM (greedy) 6.39 2.34% (1s)|10.92 3.08% (4s) | 16.83 3.42% (11s)
° : , 2 RL (beam 10) 6.34 1.47% 11.08  4.61% 16.86  3.63%
. AM (sampling) 6.25 0.00% @Om)|10.59 0.007% 42m)|16.27 0.00% (@3h)
Based on context: : 7 7 7
o ( i ?) | Gurobi 539 0.00% (16m) i i
Graph What 1S the prOblem y i M P N & b I . TS P 20 Gurobi (1s) 4.62 14.22% (4m)| 1.29 92.03% (6m)| 0.58 98.25% (7m)
' I ~ Gurobi (10s) 5.37 0.33% (12m)| 10.96 32.20% (51m) 1.34  95.97% (53m)
 First node (Where to go?) ; A VS- ase Ines S Gurobi (30s) 5.38 0.05% (14m)| 13.57 16.09% (2h)| 3.23 90.28%  (3h)
i _§ Compass 5.37 0.36% (@2m)| 16.17 0.00% (5m)| 33.19  0.00% (15m)
® Last node (Where dm I?) . 4.0%me w v NN Z  Tsili (greedy) 4.08 24.25%  (4s)| 12.46 22.94%  (4s)| 25.69 22.59%  (5s)
| ! ." ~ . ‘..’:“:‘.' A N . CAAEL PN / Exponential % AM (greedy) 519 3.64% (0s)|15.64 3.23% (1s)|31.62 4.75% (55
e Mask (What IS aIready visited ?) | ke S A | PN / Critic GA (prtlho(% ) 512 21"2%’ 83“? 10.90 32.59% (lh)| 14.91 55.08%  (5h)
! . e - L L T . EXXTE PN / Rollout 00ls S . . 0 m - -
! o 3.0% o Y L M et e AM / Exponential Tsili (sampling) 5.30 1.62% (28s)| 15.50 4.14% (2m)| 30.52 8.05% (6m)
g 0% ST L LT, r'1' c‘[ AM (sampling) |5.30 1.56% (4m)|16.07 0.60% (16m)|32.68 1.55% (53m)
e AM [ CritiC
2 250 AM / Gurobi 3.13 0.00% (2m)
5 7 e - [Rollout Gurobi (1s) 314 0.07% (1m) i
E e e et s Gurobi (10s) 3.13 0.00% (2m)| 4.54 1.36% (32m)
8— 2.0% R\ ' . e e T T 5—5 Gurobi (30s) 3.13 0.00% @2m)| 4.48 0.03% (54m)
Refe Frences s B LT S O AM(greedy)  |3.18 1.62% (0s)| 460 2.66% (25| 625 4.46% (59
g " ILS (C++) 3.16 0.77% (16m)| 4.50 0.36% (2h)| 5.98 0.00% (12h)
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Computer Vision and Pattern Recognition, pages 7008-7024, 2017. - N B s LTS - F A, REOPT (all) 3.34 2.38% (17m)| 4.68 1.04% (2h)| 6.22 1.10% (12h)
[4] A. Vaswani, N. Shazeer, N. Parmar, J. Uszkoreit, L. Jones, A. N. Gomez, t. Kaiser, and |. Polosukhin. Attention is all you need. In Advances in Neural Information £ REOPT (half) 3.31 1.38% (25m)| 4.64 0.00% (3h)| 6.16 0.00% (16h)
i — o 20 40 60 80 REOPT (first) 3.31 1.60% (1h)| 4.66 0.44% (22h) -
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